' ‘nt,

o'x Theorem, Statems

Muolvre's Theo | i
’VMI by any iieger (4 ve, ~ ve or 2erd), _

i 0)' = cos nt) + L sin rf)

(cox O 4 1 50 .
(M.D.U. 1991 5, 92 ; Meerut 1985, gg,
ve), then one of the values of

m——

and (i) Ifnis afraction (+ ve or &
(cos O + 1 5in 0)' is cos nO + 1 511 n0,

(M.D.U. 1989 ; D.U. 1986, 88, 92, g4)

Pioof: Case L. Whennts a positive integer.
V { a4 > ’
We shall prove the theorem by induction on n.

When n = 1, the theorem becomen
(con 0 + 1 sin 0)) = cos 10 + 1 sin 10

-~ cos O+ isinOwcosO+18m0

which is true.
Let us suppose the theorem is true for n = m.

let — (cos 0+ isin 0)" = cos mO + i sin m0 1)

Now  (cos 0 +  sin 0"+
= (cos 0 4 7 8in 0)" (cos 0 + { sin 0)
= (cos mO + i sin m0) (cos 0 + i sin 0) [using (1)]
= (cos m0 cos O - sin m0 sin 0) 4 (sin mO cos 0 + cos m0 sin 0)
= co8 (m0O + 0) + i sin (m0 + 0)
= o8 (m + 1) 0+ isin(m + 1)0

“>  The theorem is trye forn=m 41

Hence by the Principle of < |
for all positive integers p, e of Matbematical Induction, the theorem is true

Jlf:se I When n is 4 negative integer,
ne=—m, ?vhcrc M 18 a positive integer
(cos 0 + { sin 0)" = (cos 0 + { sin )™
1

ii“a’

.5039 ' sin OV 1
+ism0)" cog mO + i sin mo [by Case ]
z 1 Cos mO ~ i sin mo

coame.”sin”—l-e-x
€08 mO - i sin m@

2



n-r.moerqm mO COS m(} -} sm m(]

cos’ m0 - i sin ‘mO
= cos m0 — i sin m0 = cos (= m)0 + i sin (- m)0

[ cos (- 0)=cos 0 : sin (= 0) = = sin 0]

i‘w=1]

=
COSs m(] + sin’ mo

= ¢08 n0 + 1 sin n0 |'© =m=n
_Case LIl When n is a fraction, positive or negative.
) . . o
Let n = £ where q is a positive integer and p is any integer, positive
q

or negative, p and q have no common factor (1.e., p and g are prime 10 each
other). It follows from case I, that

q
Taking gth root of both sides

D% Y TR =
cos—ﬂsma =cosq.-—+:smq.:{=c030+:smﬂ

cos-g— +1 sing is one of the values of (cos 0 + i sin g)4
Raising to pth power,

P
( cosg + isin-g— ) is one of the values of (cos 0 + 1 sin )
Since p may be a + ve or — ve integer,

by cases I and II

cos2 0+ i sin £ 0 is one of the values of (cos 8 + isirgB)"/‘?

q
—  cos n0 + i sin n0 is one of the values of (cos 0 + i sin 6)”

Hence De Moivre’s Theorem is completely established.
Cor.1. (cos® +isin0)" =cos (- nB) + i sin (- n0)
= cos nb - i sin n6
Cor.2. (cos® - isin8)"=[cos (- 0) +isin (- 6)]"
= cos (- nB) + 1 sin (- nb)
= cos nB - 1 sin n6
Cor.3. (cos® -isin8) "= [cos(-8)+isin(-0)]""
= cos nB + i sin n®

1 5 e -
Cor. 4. mseﬂme-(coseﬂsmﬁ) =cosO-isin6
@Cuﬁom For the application of De Moivre’s Theorem

1. Real part must be with cos and imaginary ith sin i
i - - part with sin ie., De
Moivre’s Theorem can not be directly applied to

(sin © + i cos B)"



L]

Procedure : |

o T _0|+isin =-9
1c0s0)" = | €081 2 2

(sin O + 1€ -

[Note th Sep)

- n
- sinn| = <
=cnsrl(2 0)4»!\" ,(2 0)

The angle with sin and cos must be the same i.e., De Mni\,n,,
3 : e
Theorem cannot be applied t0 (cos o + 1 S B)

g Note.  (cis Oy)(cis 02) ... (s On) ‘
(cos 30 + i sin 30)° (cos O - i sin 9)*

JExample 1. Simplify : (cos 50 + i sin 50) (cos 20 ~ i sin 20)

wcis (0 +0,4 ... +0,)

(cos 30 + i sin 30)° (cos 0 - i sin 0)°
Sol. o550+ isin50) (cos 20 - i sin 20)°
[(cos 0 + i sin 6)*] [(cos 6 + i sin 6)” ‘
X [(cos © + i sin 0)°’]” [(cos O + i sin 0)” .
_ (cos B +isin 0)!° (cos O + i sin 8)°

~ (cos 0 + i sin 0) (cos O + i sin )™ 1°
; )15-3—35+ 10

]3
]5

=(cos O +1 sin 0
= (cos 0 + i sin 0)” ° = cos 130 - i sin 136.
Example 2. Prove that :
(cos 36 + i sin 30)’ (cos 20 - i sin 20)°
(cos 40 + i sin 40)~° (cos 56 + i sin 50)° i
Sol. LH.S. < [(cos0+isin6)’]° [(cos B + i sin 0)~ 2]
[(cos © + i sin 8)*]° [(cos O + i sin 0)° ]9
_ (cos 6 + i sin 8)" (cos 0 + i sin 0)~
(cos 8 + i sin B) % (cos O + i sin )%
\ =(cos 0 + i sin 9)15-6+36-45
Example 3. Simplify :

=(cos 0 +isin0)°=1.

(cos_G"+ i 5in 8)° (cos @ - i sin 0)°

| (cos 20 + i sin 297
Sol. Please try yourself, )

[Ans. cos 100 - i sin 100]
A Jxampled.  Simpiify ( J._____g)

L8 S"”'B'chase s

i !
= (cos 8 +sin g)*

=)o)

Sin 0 + 7 cos

Sol. [“"Se”smﬁJ

4






